On a congruence only holding for primes  by Vantieghem, E.
Indag. Mathern., N.S., 2 (2), 253-255 June 17, 1991 
On a congruence only holding for primes 
by E. Vantieghem 
Leeuwerikenstraat 96, B-3001 Heverlee, Belgium 
Communicated by Prof. R. Tijdeman at the meeting of March 25, 1991 
There are not many congruences known involving a natural number p which 
hold if and only if p is prime, see [2], [3]. Wilson's congruence (p-l)!==-1 
modp is one of them. In this note we give the following congruence (though 
also useless for recognizing primes in practice): 
THEOREM. Let p be a natural number, p> 2. Then p is prime if and only if 
p-I 
(1) II (2d - 1) == p mod(2P - 1). 
d=1 
To prove this, we need a lemma. 
LEMMA. Let m be a natural number, m"2:.2 and cJ>m(X) the m-th cyclotomic 
polynomial. Then: 
II (X - yd) == cJ>m(X) mod cJ>m(Y), 
(d.m)=1 
i'5.d<m 
where the congruence holds in £:[x, y]. 
(For the definition and properties of cyclotomic polynomials see e.g. [1, 
p. 325-326].) 
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PROOF. Put 
F(X, Y) = II (X - yd). 
(d.m)~l 
l~d<m 
We can write 
(2) F(X, Y) - c])m(X) = lo(Y) + II (Y)X + 12(y)X2 + ... , 
with .fi(Y) E Z[Y). 
Recall that by definition 
c])m(X) = II (X - ,d), 
(d.m)~l 
I$.d<m 
where, is any primitive m-th rooth of unity. Hence, F(X, 0 - c])m(X) is the 
zero polynomial (in X). Thus from (2) we conclude that .fi(O = 0 for every 
primitive m-th root of unity' and all i. Hence .fi(Y) == 0 mod c])m(Y), which 
proves the lemma. 
PROOF OF THE THEOREM. If P is prime, then c])iX)=XP-I +Xp-2+ .. ·+X + 1. 
So, the lemma for m = p yields: 
p-l II (X- yd) ==Xp-I +Xp-2+ ... +X+ 1 mod(yP-1 + ... + 1). 
d~l 
Putting X = 1, Y = 2 we obtain 
p-l 
II (1- 2d) == p mod(2P - 1), 
d~l 
which implies (1). For the converse, suppose the congruence (1) holds and p 
is not prime. Let q be the smallest prime factor of p. Write: p = q. a with 
q::5 a and hence p::5 a2. Obviously 2° - 1 divides 2P - 1 and 2° - 1 divides 
II~:: (2d - 1). Together with the congruence (1) this implies (2° -1) I p. Hence 
2°-1::5p::5a2. This is only possible for a=2,3 or 4. Thusp=4,6,8,9 or 12. 
Immediate verification shows that (1) does not hold for these values of p, which 
finishes the proof of the theorem. 
REMARK. It is obvious that the lemma yields a lot of other congruences in Z. 
For instance taking m = 2}., A;::: 2, X = 1, Y = 2 one obtains: 
II (2d -1) == 2 mod(22!-' + 1). 
dodd 
d<2!' 
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